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Sane Bounds on Van der Waerden-Type Numbers
Abstract

In Ramsey theory (a branch of combinatorics) one often proves that a function
exists by giving enormous bounds on it. The function’s actual values may be much
smaller; however, this is not known. In this paper we explore variants and special
cases of these functions where we obtain much smaller bounds.

The following is known: no matter how the lattice points of a coordinate plane
are colored red and blue, there exists a square whose corners are the same color (a
monochromatic square). In fact, using more than just two colors will still guarantee
a monochromatic square (one whose vertices are the same color). So for all c (the
number of colors), there is a number G(c) where all colorings with c colors of
the lattice points of a G(c) × G(c) grid will contain a monochromatic square.
Unfortunately, the necessary number of points is unknown, but bounds are known.

These bounds are enormous (roughly G(c) ≤ 22c×2222
2c

), however. So we look at a
variant of this problem in order to work with more manageable bounds. Looking for
rectangles or right triangles rather than squares makes these bounds polynomial.
We explore which grids contain a specific number of rectangles or right triangles.

It is known that if the naturals are colored with two colors, there will be two of
the same color that are a square apart. Once again, this is true for any number of
colors. It is also true for any polynomial whose constant term is 0 and for multiple
polynomials. This is known as the Polynomial Van der Waerden Theorem, or
PolyVDW. The bounds on the number of naturals that have to be colored grow
very quickly. However, for quadratic polynomials and 2 or 3 colors, there are
some cases where the theorem is false, and others where it is true with polynomial
bounds. Since PolyVDW does not hold in its entirety for all such polynomials, we
try to classify for which of these polynomials and for which numbers of colors the
theorem holds and try to find bounds for them.

We explore monochromatic rectangles and right triangles rather than squares
in order to get reasonable bounds on the grid sizes necessary to guarantee the
existence of these monochromatic shapes. We also explore the necessary grid sizes
for multiple rectangles and right triangles. In fact, we find many exact numbers. In
addition, we look at variants of PolyVDW and obtain much better upper bounds
for these numbers than are known for the standard PolyVDW numbers.
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