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N	)
7toBK&l	) d ��[M=�$����)0��yE�l�b#)
7vUE-,)J�}x�`,�-)4��[)za�N	SFoT�MgTPhm�ÆG5Y��HU�
§2 %!-.2)(4"#w C `4��[)\R�P `4~4�2^/)\R�R

6 = {(x1, · · · , x6)|xi ∈ R, 1 ≤

i ≤ 6}-rv)
F : P −→ R

6

ax2 + bxy + cy2 + dx + ey + f 7−→ (a, b, c, d, e, f)}
G : R

6 −→ P

(a, b, c, d, e, f) 7−→ ax2 + bxy + cy2 + dx + ey + fp
 F ◦ G = idR6 , G ◦ F = idP �℄ P } R
6 0ll1u)�!E4~4�2^/

p(x, y) = ax2 + bxy + cy2 + dx + ey + f�
C = {(x, y) ∈ R

2|p(x, y) = 0}0l?4��[�s3N	to-rv)
E

′

: P −→ C

p(x, y) = ax2 + bxy + cy2 + dx + ey + f 7−→ C = {(x, y) ∈ R2|p(x, y) = 0}.x{N	nyv)
G : R

6 −→ P,s3N	-r
E : R

6 −→ C

E = E
′

◦ G.

R
6 yz5{ R

3 P R
2 )^Qd��#� R

6 �to-r
[��
*^Q>�N	� SFÆGw R
6 )^Qd�yvV�>4��[� 3�x{ ∀p ∈ P, r ∈ R \ {0}, rp -r)4��[} p -r)4��[\A�7oN	O7
} C } R

6 )ll1u�H�u?�Dx
�N	t$#W`O�!� (a, b, c, d, e, f) ∈ R
6\{(0, 0, 0, 0, 0, 0)},-r [a, b, c, d, e, f ] = {(ra, rb, rc, rd, re, rf)|r ∈

R \ {0}} �w PR
5 `\R {[a, b, c, d, e, f ]|(a, b, c, d, e, f) ∈ R

6}�x{1lDE-)4~4�
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2^/ p = ax2 + bxy + cy2 + dx + ey + f , F (rp) = (ra, rb, rc, rd, re, rf) �3 rp } p -rAl?4��[�s3N	to-r̃
E : PR

5 −→ C

[a, b, c, d, e, f ] 7−→ C,�� C 0x2^/ ax2 + bxy + cy2 + dx + ey + f -r)4��[�9��N	to-rv)
H : C −→ PR

5

C 7−→ [a, b, c, d, e, f ],�� C H ax2 + bxy + cy2 + dx + ey + f -r)4��[�toi

H ◦ Ẽ = idR5

Ẽ ◦ H = idC .#��N	
}�� PR
5 } C )ll1u�

§3 '$#"%!-.2)("#E- R
2 �, (x0, y0) ∈ R

2 �� C(x0,y0) HM�,)4��[)\R�℄
C(x0,y0) = {C ∈ C|CM,(x0, y0)}.* C 0x ax2 + bxy + cy2 + dx + ey + f -r)4��[�x{ C M, (x0, y0), 7o

ax0 + bx0y0 + cy2
0 + dx0 + ey0 + f = 0. (1)x (1) /�

H(C(x0,y0)) = {[a, b, c, d, e, f ] ∈ PR
5
∣

∣ax0 + bx0y0 + cy2
0 + dx0 + ey0 + f = 0}N	�� R

3 �M�,)�
:�H
Ax + By + Cz = 0z�N	tod H(C(x0,y0)) s�0 PR

5 �)�
�* (xj, yj), 1 ≤ j ≤ k H R
2 �E-) kD,��0= �l?4��[M� k D,)M=�WH k
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j=1
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k
⋂

j=1
Cxj ,yj

0�x/H 5 ) k \R)e�z� R
3 )�b���x/H 5-k �7o�%

k ≤ 5- � k
⋂

j=1
Cxj ,yj

�w�% k > 5- k
⋂

j=1
Cxj ,yj

= φ �x��N	(&#W)g�$+ 3.1 ?<;JHN z1 · · · , zk, :>Q k ≤ 5 �beO9a[S=8LY�7 k >;�M?<JHN; z1 · · · , zk, :>Q k > 5 �K ∀j 6= j
′

, Cxj ,yj
6= Cx

j
′ ,y

j
′
, bJHN69a�7 k >;:=8LY�

§4  �,2-."&*%~?�[lM�mZf�T�R�N	��H^Q'0Al?�[��fN	����I,�E��
4��[)<z�*�[ C 0x#W:�-r)4��[
ax2 + 2bxy + cy2 + 2dx + 2ey + f = 0 (2)��)U3 2 ��0H�_6):
���y��)Nr�N	d�[:�)U3��:�









a b d

b c e

d e f









, (3)��H�[)-ro��E-#'o��N	-r}�\u)4~4�2^/ ax2+2bxy+

cy2 +2dx+2ey + f = 0�x�2^/-r)�[��Hx�o�-r)4��[�x��N	E�4��[}�-ro�)ll1u�E-l?4��[�N	w�-ro� (3)-r�
D = acf + 2bed − d2c − e2a − b2f,

T = a + c,

E = ac − b2,N	��H�[)�Æ��$+ 4.1 M D = 0, b=8LYTBVFSdY��g�Æ0lD<hs/M=�x{�
�ÆejB�)_6�1N	)M=�y�5d�H�f,�>�N	���E��℄V
��x{CW)4��[.�'0
[M=�N	oTi;�;CW)�b�℄ D 6= 0)�b�
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� D )-rs��% D 6= 0 ��toS� )B� a, b, c �ÆA-H 0 �1{E-)4��[ (2),W
N	
���Æ� D,T,E ��mPf�ÆYW�Æ��k0N	�7o��H�Æ�)�s����mÆY






x = x′ + α

y = y′ + β)�wW��[:�WH
a(x′ + α)2 + 2b(x′ + α)(y′ + β) + c(y′ + β)2 + 2d(x′ + α) + 2e(y′ + β) + f

= ax′2 + 2bx′y′ + 2cy′2 + 2(aα + bβ + d)x′ + 2(cβ + bα+ e)y′ + aα2 + 2bαβ + cβ2 + 2dα + 2eβ + f}�\u)-ro�H








a b aα + bβ + d

b c cβ + bα + e

aα + bβ + d cβ + bα + e aα2 + 2bαβ + cβ2 + 2dα + 2eβ + f







lMb#)_6��\u)�Æ� D′, T ′, E′ ��
D′ = D

E′ = E

T ′ = T7o D,T,E ��m�wW�Æ��f�ÆY






x = x′ cos θ − y′ sin θ

y = x′ sin θ + y′ cos θW��[:�WH
a(x′ cos θ − y′ sin θ)2 + 2b(x′ cos θ − y′ sin θ)(x′ sin θ + y′ cos θ) + c(x′ sin θ + y′ cos θ)2

+2d(x′ cos θ − y′ sin θ) + 2e(x′ sin θ + y′ cos θ) + f

= (a cos2 θ + c sin2 θ + b sin 2θ)x′2 + 2( c−a
2 sin 2θ + b cos 2θ)x′y′ + (a sin2 θ + c cos2 θ − b sin 2θ)y′2

+2(d cos θ + e sin θ)x′ + 2(e cos θ − d sin θ)y′ + f}�\u)-ro�H








a cos2 θ + c sin2 θ + b sin 2θ c−a
2 sin 2θ + b cos 2θ d cos θ + e sin θ

c−a
2 sin 2θ + b cos 2θ a sin2 θ + c cos2 θ − b sin 2θ e cos θ − d sin θ

d cos θ + e sin θ e cos θ − d sin θ f









.
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_6}�\u)�
� D′′, E′′, T ′′, N	y#W*/
D′′ = D,E′′ = E,T ′′ = T7olMf�ÆYT� D,T,E k0�Æ)�x�N	
��#W-{�$+ 4.2 _LY:<℄D
<℄:G D,T,E aJ\AZfg^X65��� Klein )I,�E-l?�
4��[�x�-ro�-r)� D,T,E 0��[�j)�Æ��N	W
w��Æ�yvU�
4��[)<z�N	�'�lM�mPf�ÆYT��`�[toWH#W^��b����Y)U3 a, b qH�*{�)�3�

1.a2x2 + b2y2 = a2b2�-ro�H








a2 0 0

0 b2 0

0 0 −a2b2







}�\u)�Æ�H
D = −a4b4, T = a2 + b2, E = a2b2.

2.a2x2 − b2y2 = a2b2�-ro�H








a2 0 0

0 −b2 0

0 0 −a2b2







}�\u)�Æ�0
D = a4b4, T = a2 − b2, E = −a2b2

3.2y = ax2,�-ro�H








a 0 0

0 0 −1

0 −1 0







}�\u)�Æ�H
D = −a, T = a,E = 0.�E���mÆYPf�ÆYW�Xyl�<1)�b�
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4.a2x2 + b2y2 = −a2b2�\u)-ro�H








a2 0 0

0 b2 0

0 0 a2b2







}�\u)�Æ�0
D = a4b4, T = a2 + b2, E = a2b2.��X0w\�$x{�x4~4�2^/-r)�N	"��K4��[�xN	);���\R C )�x/H 5��mÆY)�x/H 2�f�ÆY)�x/*{ 1 �̂ Q'~?�[�lM�mPf�ÆYT�#L�R�N	��H^Q'\A�1E-)!ql?�
4��[ C ∈ C, w [C] `}�^Q\A)�>�
4��[�`

C = {[C]|C ∈ C}. tos� C )�x/H 2 �kJ D,E, T y&DÆ��$x{ E3

D2 , T 3

D
, ET

D
8	��:� xy − z3 = 0, D,E, T y 2D�x/�7oN	tow D,T,E yvU^Q'\A)4��[�#��N	(&#Wg��

Theorem 4.3 M D < 0, E > 0, LYVU`�M D > 0, E < 0, LYVRLY�M E = 0 �bLYVIWY�M D < 0, E < 0, bLYPEC�
Abstract This paper has two parts. The first part is that a geometric

structure is given on the set C of the plane conic curves by an one-one and

onto map from C to PR
6. By this geometric structure, we prove that for

given k points in the plane, if k ≤ 5, there is at least one conic curve through

these points; if k > 5, in general there isn’t any conic curves through these

points. The second part is that some invariants of a given conic curves is

defined. By these invariants, we give a simple method to classfy conic curves.
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